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1. Introduction and Formulation of the
Problem

As it is known in Lavrentev and Shabat (1973), the problem of Dirichlet for
the equation of the mixed type of the first kind is incorrect. Naturally there
is a question: whether it is impossible to replace statements of the problem
of Dirichlet with other conditions covering all border which provide a problem
correctness?

The first time, such a condition have been offered and studied in the works
in( Kalmenov (1978), Kalmenov (1990), Sabitov (2011) and Tsibikov (1986)).

As relatives on statement of studied problems we also note works (Berdy-
shev (1993),Dzhamalov (2014),Dzhamalov (016a),Dzhamalov (016b),Glazatov
(1985),Karatopraklieva (1991),Pulkina and Savenkova (2016)).

Boundary value problems with nonlocal conditions have arisen for the first
time in Frankl (1956) work at studying gas dynamics problems about a flow
of profiles a stream of subsonic speed with the supersonic zone terminating in
direct jump of consolidation.

In the present work, for the equation of the mixed type of the first kind in a
plane the correctness of some nonlocal boundary value problem with constant
coefficients is studied.

In the domain Q = (−α, β) × (0, T ) for the equation of the mixed type of the
first kind:

Lu = K(x)utt − uxx + a(x, t)ut + c(x, t)u = f(x, t), (1)

where, x ·K(x) > 0 at x 6= 0 and thus −α < x < β; α > 0, β > 0,

the following nonlocal boundary value problem is considered.

Problem. To find a generalized solution of the equation (1) from the Sobolev
space W l

2(Q), (1 ≤ l is natural number), satisfying to nonlocal boundary
conditions

γDp
t u|t=0 = Dp

t u|t=T , (2)

ηDp
xu|x=−α = Dp

xu|x=β . (3)

at p = 0, 1; here γ and η − const 6= 0, where Dp
t u = ∂ pu

∂t p , D
0
t u = u.
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Further, following definition and lemmas are necessary for us.

Through W l
2(Q) (1 ≤ l is natural number) we will designate Sobolev’s

space with a scalar product (, )l and norm ‖·‖l, W 0
2(Q) = L2(Q) is the space

of square sum able functions. Let ν = (νt = cos(ν, t); νx = cos(ν, x)) be an
unit vector of an interior normal to boundary ∂Q (Ladyzhenskaya (1973)). At
deriving various a priori estimations we often use Young inequality. ∀u, v > 0,
∀σ > 0,p > 1

uv ≤ σpu2p

2p
+

v2q

2qσq
;

1

p
+

1

q
= 1.

At p = q = 1, we will get Cauchy inequalities with σ (Ladyzhenskaya (1973)).

Definition 1.1. We call the weak generalized solution of problem (1)-(3), func-
tion u(x, t) from W 1

2 (Q), satisfying the following integral identity

=(u, v) =

∫
Q

e−
(λt+µx)

2 [K(x)utvt− uxvx−(
λ

2
K(x)ut−

µ

2
ux+αut+cu)v] dxdt =

= −
∫
Q

e−
(λt+µx)

2 f v dxdt

here λ and µ− constants, such that λ > 0, µ ≥ 0 for any periodic function
v(x, t) of variables x and of time t from W 1

2(Q).

For simplicity at first we consider the case l = 2. We assume, that coeffi-
cients of equation (1) are smooth functions.

2. Uniqueness of the Solution for the Problem

Theorem 2.1. Let aforementioned conditions to the coefficients of equation
(1) are fulfilled, moreover let 2a(x, t) +λK(x) ≥ δ1 > 0; λc− ct ≥ δ2 > 0,
where λ = 2

T ln |γ|, |γ| > 1, |η| ≥ 1, c(x, 0) ≤ c(x, T ). Then for any function
f ∈ L2(Q) there is a unique generalized solution of problem (1)-(3) in the space
W 2

2 (Q).

Proof. At first for any function u ∈ W 2
2(Q), we will get the first basic in-

equality. In force the condition of theorem 1 and Cauchy inequalities with σ
(Ladyzhenskaya (1973)), from problem (1)-(3) with integration, it is easy to
obtain the following inequality

2

∫
Q

Lu exp(−λt− µx)utdxdt ≥
∫
Q

exp(−λt− µx)×
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×
{

(2a+ λK(x))u2t + λu2x + (λc− ct)u2
}
dxdt+

+

∫
∂Q

exp(−λt− µx)
{
K(x)u2tνt − 2uxutνx − u2

xνt + cu2νt
}
ds−

−σ · ‖ux‖20 − µ
2σ−1 · ‖ut‖20 , (4)

where 0 ≤ µ = 2
α+β ln |η|; σ, σ−1 are coefficients of the Cauchy inequality with

σ (Ladyzhenskaya (1973)). Conditions of theorem 1 provide non- negativity of
integral on the area Q and on the boundary ∂Q. Let u ∈ W 2

2 (Q) satisfying
boundary conditions (2),(3) then

2

∫
∂Q

exp(−λt− µx)
{
K(x)u 2

t νt − 2uxutνx − u2x νt + cu2 νt
}
ds =

= [exp(−λT )γ2 − 1]

β∫
−α

exp(−µx)K(x)(u2t (x, 0) + u2x(x, 0))dx+

+2[exp(−µβ)η2 − exp(µα)]

T∫
0

exp(−λt)ux(−αt)ut(−αt)dt+

+

β∫
−α

exp(−µx)[c(x, T )e−λT γ2 − c(x, 0)]u2(x, 0)dx =

3∑
i=1

Ji,

Ji (i = 1, 2, 3) are integral along the boundary. Considering conditions of
theorem 1, we get that boundary integrals J1 = 0, J2 = 0 and J3 ≥ 0. Consid-
ering the aforesaid, from inequality (2), rejecting positive boundary integral,
we obtain the following inequality

2

∫
Q

Lu exp(−λt− µx)utdxdt ≥
∫
Q

{
(2a+ λK(x))u2t + λu2x + (λc− ct)u2

}
×

×exp(−λt− µx)dxdt− σ · ‖ux‖20 − µ
2σ−1 · ‖ut‖20 , (5)

Choosing coefficients λ− σ ≥ λ0 > 0, δ1−µ2σ−1 > δ0 > 0, from inequality (2)
we get the first a priori estimate

‖u‖1 ≤ m‖f‖0,

from which uniqueness of the solution of problem (1)-(3) follows.

Here and further by m we designate positive constants, on exact values of
which we are not interested. Theorem 2.1 is proved.
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3. The Equation of the Third Order

Consider a nonlocal problem for the equation of the third order

Lεuε = −ε∂
3uε
∂t3

+ Luε = f(x, t) (6)

γDq
t uε|t=0 = Dq

t uε|t=T , q = 0, 1, 2 . (7)

ηDp
xuε|x=−α = Dp

xuε|x=β , p = 0, 1. (8)

Here D p
tu = ∂ pu

∂ t p , D 0
t u = u, ε-is a small positive number, η, γ − const 6=

0 such that |γ| > 1; |η| ≥ 1. We use the equation of the third order (6)
in quality "ε-regularization" the equations for equation (1)(refer Dzhamalov
(2014), Kozhanov (1990),Tsibikov (1986)and Vragov (1983)).

In further by V we designate more low a class of the functions uε(x, t) ∈
W 2

2(Q),∂
3uε
∂ t3 ∈ L2(Q), satisfying corresponding conditions (7),(8).

Definition 3.1. The regular solution of problem (6)-(8) we call function uε(x, t) ∈
V, satisfying to equation (6).

Theorem 3.1. Let aforementioned conditions to the coefficients of equation
(1), be fulfilled, moreover let 2a + λK(x) ≥ δ 1 > 0; λc − ct ≥ δ2 > 0, where
λ = 2

T ln |γ| and |γ| > 1; |η| ≥ 1, a(x, 0) = a(x, T ), c(x, 0) = c(x, T ). Then
for any function f, ft ∈ L2(Q) such that γ · f(x, 0) = f(x, T ), there is a unique
regular solution of problem (6)-(8) and the following inequalities are true:

I) ε

∥∥∥∥∂2uε∂t2
uε

∥∥∥∥2
0

+ ‖uε‖21 ≤ m ‖f‖
2
0 ,

II) ε

∥∥∥∥∂3uε∂t3

∥∥∥∥2
0

+ ‖uε‖22 ≤ m
[
‖f‖20 + ‖ft‖20

]
.

Proof. The proof is carried out stage by stage, using Galerkins method of with
choice special bases-functions. The proof of an inequality I) is spent the same
as also the proof of theorem 1 from which uniqueness of the regular solution of
problem (6)-(8) follows (Kuzmin (1990),Ladyzhenskaya (1973)). Now we prove
the first and the second a priori estimates. Let’s consider the following spectral
problems:

−X ′′j (x) = ν2jXj(x),
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Dp
xXj |x=−α = Dp

xXj |x=β , p = 0, 1, (9)

−T ′′j (t) = τ2j Tj(t),

Dp
t Tj |t=0 = Dp

t Tj |t=T , p = 0, 1, (10)

Through φj(x, t) = Xj(x)Tj(t) we define eigenfunctions, as the solution of
problems (9),(10). From the general theory of the linear self-adjoint elliptic
operators it is known that all {φj(x, t) } eigenfunctions of problems (9),(10)
is a fundamental system in W 2

2(Q) and it is orthogonal in the space L2(Q)
(Berezinsky (1965),Ladyzhenskaya (1973)). Now by means of these sequences
of functions we construct the solution of an auxiliary problem.

`ωj = e
−(λ·t+µ·x)

2
∂ωj
∂t

= φj , (11)

γ · ωj(x, 0) = ωj(x, T ), (12)

where, γ = const 6= 0, λ = 2
T ln |γ|, such that |γ| > 1, where η = const 6= 0,

0 ≤ µ = 2
α+β ln |η|, |η| ≥ 1. Obviously, the problem (11),(12) is uniquely

solvable and its solution has the from

`−1φj = ωj = e
µ·x
2 · [

t∫
0

exp(
λτ

2
)φjdτ+

1

γ − 1

T∫
0

exp (
λt

2
)φjdt]. (13)

It is clearly that functions ωj(x, t) are linearly independent. Really, if
N∑
j=1

cjωj =

0 for some set of sequences of functions ω1, ω2, ..., ωN , then acting on this sum

by the operator ` we have
N∑
j=1

cj`ωj =
N∑
j=1

cjφj = 0, from this it follows that

cj = 0 for any j = 1, N . Note, from the construction of the function φj(x, t)
the following conditions to the functions ωj(x, t) follows:

γ Dq
t ωj |t=0 = Dq

t ωj |t=T , q = 0, 1, 2, (14)

η Dp
xωj |x=−α = Dp

xωj |x=β , p = 0, 1. (15)

Now we search an approximate solution of problem (6)-(8) in the from w =

uNε =
N∑
j=1

cjωj , where the coefficient cj for any j = 1, N are defined as solutions

of the linear algebraic system∫
Q

Lεu
N
ε · e

−(λ·t+µ·x)
2 φj dxdt =

∫
Q

f · e
−(λ·t+µ·x)

2 φj dxdt. (16)
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Let’s prove unequivocal resolvability of algebraic system (16). Multiplying
every equation of (16) by 2cj and summing up with respect j from 1 to N ,
considering problems (12),(13), from (16) we get the following identity∫

Q

Lεw · e−(λ·t+µ·x) · wtdxdt =

∫
Q

f · e−(λ·t+µ·x) · wtdxdt (17)

From which, owing to a condition of theorem 2, integration of identity (17) we
obtain for the approached solution of problem (6)-(8) estimations I), i.e.

ε

∥∥∥∥∂2uNε∂t2

∥∥∥∥2
0

+
∥∥uNε ∥∥21 ≤ m ‖f‖20 . (18)

This implies the solvability of (16). In particular, from the estimation (18) we
obtain a weak solution of problem (6),(8). From here resolvability of algebraic
system (16)(Ladyzhenskaya (1973)), follows due to the validness of uniqueness
theorem. In particular, from an estimation (18) we will get existence of the
weak generalized solution of problem (1)-(3)(Ladyzhenskaya (1973)). Really,
due to an inequality (18), under the known theorem of weak compactness that
from set of functions

{
uNε
}
, it is possible to extract poorly converging

under sequence of functions in W 1
2 (Q) such that

{
uεj

Nj
}
→ u at Nj →

0, εj → 0. On the foundation of it owing to uniqueness of a solution it is easy
to show that, from identity (16) limiting function u ∈ W 1

2 (Q), satisfies to the
integral identity in the sense of distributions

=(u, v) = −
∫
Q

e
−(λt+µx)

2 f v dxdt

For any periodic function v(x, t) of variable x and of time t from W 1
2(Q)

(Kozhanov (1990),Kuzmin (1990),Ladyzhenskaya (1973)).

Now we will prove the second a priori estimation II.

Differentiating equation (11) on a variable t two times and considering a
statement of the problem (14)-(15), from identity (16) we get

− 1

τ2j

∫
Q

Lεw e
−(λ·t+µ·x)

2
∂ 2`ωj
∂ t 2

dxdt = − 1

τ2j

∫
Q

f e
−(λ·t+µ·x)

2
∂ 2`ωj
∂ t 2

dxdt, (19)

where, ∂
2`w
∂ t 2 = ex p [−(λ t+µx)2 ] · (∂

3w
∂ t 3 − λw t t + λ 2

4 w t );
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Multiplying each equation of (19) by 2τ2j cj and summing up j from 1 to N,
considering a condition (14),(15), from (19) we have the following identity

− 2

∫
Q

Lεw e
−(λ·t+µ·x)

2
∂ 2`w

∂ t 2
dxdt = −2

∫
Q

f e
−(λ·t+µ·x)

2
∂ 2`w

∂ t 2
dxdt, (20)

Integrating (20) according to the conditions of Theorem 2 and the boundary
conditions (14),(15), we obtain the following inequality

m
[
‖ft‖20 + ‖f‖20

]
≥ ε

∥∥∥∥ ∂3 w∂ t3

∥∥∥∥2
0

+

∫
Q

e−(λ·t+µ·x) {( 2a+ λK(x))w 2
tt +λw 2

tx

}
dxdt+

+

∫
∂Q

e−(λ·t+µ·x)[(K(x)w2
tt+2awt wtt−2wxx wtt+2cwwtt)νt−2wtt wxt νx]ds−

−λ 0 ( ‖wxt‖20 + ‖wtt‖20 )− c (λ 0) ‖w‖21 =

2∑
i=1

Ji, (21)

where, J1 is the integral along the domain, J2 is the integral along the boundary.

Considering the condition of theorem 2 and boundary conditions (14),(15),
we get, J1 > 0 and J2 = 0. Let δ3 = min {δ1, λ} . Choosing δ3−λ0 > δ0 >
0, from an inequality (3) we obtain the second estimation

ε

∥∥∥∥∂ 3uNε
∂ t 3

∥∥∥∥2
0

+
∥∥uNε,t t∥∥20 +

∥∥uNε,x t∥∥20 ≤ m [‖f‖20 + ‖ft‖20
]
. (22)

Hence, the obtained estimations (18)-(22) allow to execute limiting tran-
sition on N → ∞ and to conclude that a subsequence

{
uNkε

}
converges in

view of the uniqueness (Theorem 1) in L2(Q) together with a first -and second
-order to the derivatives uNkε,t t , u

Nk
ε,x t to the required regular solution uε(x, t)

of problem (6)-(8),the possessing the properties specified in Theorem 2. Ow-
ing to uniqueness (theorem 1) actually all sequence

{
uNε
}

converges to this
solution. I.e. for function {uε} owing to (22) the inequality is satisfaid

ε

∥∥∥∥∂3uε∂t 3

∥∥∥∥2
0

+
∥∥uε,t t∥∥20 +

∥∥uε,x t∥∥20 ≤ m [‖f‖20 + ‖ft‖20
]
. (23)

Further, the function family {uε} , (ε > 0) satisfies to the elliptic equation
with conditions (7),(8)

E u ε = −u ε x x = f + ε
∂ 3uε
∂ t 3

− K (x) uε t t − a u ε t − cu ε = F ε, (24)
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From an aprioristic estimation (23) follows that the family of functions
{Fε} , (ε > 0) is in regular intervals limited in norm of the space L2(Q), i.e.
the inequality takes place

‖Fε‖20 ≤ m
[
‖f‖20 + ‖ft‖20

]
≤ m ‖f‖21 (25)

From here on the basis of aprioristic estimations for the elliptic equations
(Dzhamalov (2014), Ladyzhenskaya (1973) and Vragov (1983)) and inequality
(25) we get

‖uε‖22 ≤ m ‖f‖
2
1 , i.e. (26)

ε

∥∥∥∥∂ 3uε
∂t 3

∥∥∥∥ 2

0

+ ‖uε‖22 ≤ m
[
‖f‖20 + ‖ft‖20

]
. (27)

Theorem 3.1 is proved.

4. Existence of a Solution for the Problem

Now by means of "ε-regularization" method we prove resolvability of a
problem (1)-(3).

Theorem 4.1. Let all conditions of theorem 3.1 be satisfied. Then the gener-
alized solution of problem (1)-(3) of space W 2

2 (Q) exists and unique.

Proof. Uniqueness of the generalized solution of problem (1)-(3) of W 2
2 (Q) is

proved in Theorem 2.1. Now we prove existence of the generalized solution of
problem (1)-(3) of W 2

2 (Q). For this purpose we consider in the area Q equa-
tion (6) with nonlocal boundary conditions (7),(8) at ε > 0. As all conditions
of Theorem 3.1 there is a unique regular solution of problem (6)-(8) at are
satisfied ε > 0 and for it are fair the first and second estimation. From here fol-
lows, under the known theorem of weak compactness that from set of functions
{uε} , ε > 0 it is possible to take poorly-weakly converging under sequence
of functions in V such that {uεi } → u at εi → 0. we show that limiting
function u(x, t) satisfies to the equation Lu = f(1). Really, since the sequence
{uεi} is converges weakly in W 2

2 (Q) and the sequence { ∂
3u ε i
∂ t3 } , (ε > 0) is in

regular intervals limited in L2(Q), and the operator L-is linear then we have

Lu− f = Lu− Lu εi + εi
∂3 u εi
∂ t3

= L (u− u εi) + εi
∂3 u εi
∂ t3

(28)
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From here, we get the following inequality

‖Lu− f‖0 = ‖L(u− uεi)‖0 +εi

∥∥∥∥∂3 u εi∂ t3

∥∥∥∥
0

≤ m ‖u− uεi‖2 +εi

∥∥∥∥∂3 u εi∂ t3

∥∥∥∥
0

(29)

From (29) passing to the limit at εi → 0, we get the unique solutions of
problem (1)-(3)(Dzhamalov (2014), Ladyzhenskaya (1973) and Vragov (1983)).

Theorem 4.1 is proved.

5. Smoothness of the Solution for the Problem

Now we prove more general case,l ≥ 3.Further we assume that coefficients
of Eq.(1) are infinitely differentiable in a closed domain Q.

Theorem 5.1. Let conditions of theorem 4.1 are fulfilled, moreover let

D p
t a|t=0 = Dp

t a|t=T ; D p
t c|t=0 = D p

t c|t=T . Then for any function f(x, t),

such that f ∈W p
2(Q), D p+1

t f ∈ L2(Q), γ D p
t f |t=0 = D p

t f |t=T , there exists
unique generalized solution of a problem (1)-(3) from the space W p+2

2 (Q),

noindent where p = 1, 2, 3, ...

Proof. From smoothness of the solution of the problem (9)-(12), the following
conditions for the approximate solution of (6)-(8) follow:

w = u N
ε ;

γDq
t w|t=0 = Dq

t w|t=T , q = 0, 1, 2, ...

ηDp
xw|x=−α = Dp

xw|x=β , p = 0, 1

Considering conditions of Theorem 3.1 at ε > 0 and nonlocal conditions at
t = 0, t = T from the equality(

e−
λt
2 Lεuε

) ∣∣t=T
t=0

=

(
−εe

−λt
2
∂3

∂t3
uε + e

−λt
2 Luε

) ∣∣t=T
t=0

=
(
e

−λt
2 f(x, t)

) ∣∣t=T
t=0

.

We get ‖γuεttt(x, 0)− uεttt(x, T )‖0 ≤ const.
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Hence, follows that the function vε(x, t) = uε t(x, t) belongs to V and sat-
isfies the following equation

Pεvε = Lεvε = ft − a t uε t − ct u ε = Fε. (30)

From Theorem 3.1 follows that set of functions {Fε} is uniformly bounded
in the space L2(Q), i.e.

‖Fε‖0 ≤ m
[
‖f‖20 + ‖ft‖20

]
.

Further from conditions of the Theorem 4.1, one can easily get that oper-
ators Pε(ε > 0) satisfy conditions of the Theorem 5.1, from here based on the
estimates I), II), for a function {vε} we obtain analogical estimates

ε

∥∥∥∥∂2vε∂t2

∥∥∥∥2
0

+ ‖vε‖21 ≤ m (‖f‖20 + ‖ft‖20), (31)

ε

∥∥∥∥∂3vε∂t3

∥∥∥∥2
0

+ ‖vε‖22 ≤ m
[
‖f‖21 + ‖ftt‖20

]
(32)

The function {uε} satisfies parabolic equation with conditions (7),(8)

Πuε = uεt − uεxx = f + ε
∂ 3uε
∂t 3

−K(x)uεtt − (a− 1)uεt − cuε = Φε, (33)

where Φε ∈ L2(Q) , the set of functions {Φε} is uniformly bounded in space
W 2

2 (Q), i.e.
‖Φε‖21 ≤ m

[
‖f‖21 + ‖ftt‖20

]
≤ m ‖f‖22 . (34)

From here on the basis of aphoristic estimations for the parabolic equa-
tions (Dzhamalov (2014), Dzhamalov (016a), Ladyzhenskaya (1973)andVragov
(1983)) and an inequality (34) we have

‖uε‖23 ≤ m ‖f‖
2
2 .

Further similarly one can prove that

‖uε‖2p+2 ≤ m ‖f‖
2
p+1 ,

where, p = 2, 3, . . . . Theorem 5.1 is proved.
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Note. There is a question: How essential is a restriction on γ in formulation
of problem? i.e. | γ | > 1

In this connection we consider the following example. Let the coefficients
of equation (1) satisfy the following conditions.

K(x) = 0, a(x, t) = 1, c(x, t) = c0 > 0, f(x, t) = 0, η = 1.

We note that the coefficients of equation (1) satisfy coefficients all conditions
of theorem 2.1. We consider the following example.

Example. In the rectangle Q = (−1, 1) × (0, T ) we consider the following
modeling problem

Π1u = ut − uxx + c0u = 0 (35)

γ u (x, 0) = u (x, T ) (36)

Dp
xu|x=−1 = Dp

xu|x=1, p = 0, 1; (37)

Further, let ω(x) be an eigenfunction of the Sturm-Lioville problem for the
ordinary differential equation with periodic conditions.

ω′′ = −λ2ω, Dp
xω|x=−1 = Dp

xω|x=1, p = 0, 1.

It is easy to check up that all conditions of the theorem 2.1 are fulfilled,
but it despite nontrivial solutions of the nonlocal problem (35)-(37) will be
functions u(x, t) = Ae−(λ

2+c0)tω(x), ( A− is arbitrary constants)

Here γ = e−(λ
2+c0)T < 1.

Thus, we have seen that the restrictions on γ,i.e | γ | > 1 in Theorem 2.1
are essential. If these conditions are not fulfilled, as shown, a uniqueness of the
solution of the problem is violated.

6. Conclusion

In the present work, for the equation of the mixed type of the first kind in a
plane the correctness of some nonlocal boundary value problem with constant
coefficients is studied.
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